Correlations between uncoupled particles induced by the interaction with different types of light are investigated using a superoperator formalism. We derive compact expressions for the doubly-excited-state distributions of noninteracting multilevel atoms excited by classical laser light, classical stochastic light, and quantum light. We find that the g 2 function of the incoming light can be directly related to its ability to induce correlations in the matter. Unlike coherent light, quantum light can induce entanglement between the atoms. The photon coincidence signal created by classical fields may be factorized into a product of single photon counting rates. This is not the case for quantum light.
I. INTRODUCTION
The identification of genuine quantum effects that have no classical counterparts in quantum systems has been a longstanding issue in quantum physics, dating back to the EinsteinPodolsky-Rosen (EPR) paradox, the Bell inequalities, and the hidden-variables theory of Bohm [1, 2] . Apart from the very fundamental interest in nonclassical correlations and their possible use as resources for quantum computers [3] , methods from quantum information theory have emerged as new tools in nonlinear spectroscopy [4] . Moreover, the possible exploitation of strong correlations in nonlinear spectroscopy with quantum light promises new routes to probe complex quantum systems [5] [6] [7] [8] [9] . Quantum spectroscopy offers increased signal strength at low photon fluxes [10] [11] [12] , new control parameters to disentangle complex spectra [13] [14] [15] [16] , the control of exciton distributions [17] [18] [19] [20] , and the suppression of exciton transport [21] thanks to the unusual combination of high temporal and spectral resolution. However, whether all of these effects are genuine quantum effects in the sense that they may not be mimicked-at least in principle-by properly shaped pulses with classical correlations [22] [23] [24] remains an open topic. Besides, the interpretation of nonlinear experiments on photosynthetic complexes has ignited a vivid debate about the possible role of quantum coherences in the biological function of these systems [25] [26] [27] . Clearly, the induced density matrix of such complex systems upon excitation by coherent laser light or incoherent sunlight is a highly complicated object, and coherence can be induced by other sources such as, e.g., the environment or interactions. In both scenarios, the huge number of free parameters renders a clean interpretation of experiments and even simulations very challenging, and makes it desirable to first discuss these issues in a simpler context, where the influence of the light field can be clearly identified. This study addresses both scenarios by investigating the excited-state density matrices of noninteracting molecules induced by the interaction with light fields.
We consider a collection of N noninteracting molecules ν driven by common external optical fields. By formulating the problem in terms of Liouville space superoperator correlation functions [28] , we obtain a compact treatment of the many-body correlations induced by the coupling to the light fields. Using a perturbative expansion in the radiation-matter coupling, observables are given by convolutions of field and matter correlation functions. These correlation functions can be evaluated separately and combined at the end. It is not necessary to solve coupled master equations in the joint field + matter space. We shall use this formalism to calculate the distributions of doubly excited states of noninteracting multilevel atoms induced by the interaction with various kinds of light: classical coherent light, Gaussian stochastic light, separable quantum light, and entangled light. We show that it is possible to excite coherences in the density matrix with stochastic light, as reported in femtosecond measurements with nanosecond pulses in the 1980s [29, 30] .
Suppose we perform one measurement on each of the observables A ν , ν = 1, . . . ,n, each acting on the space of molecule ν. We assume a field-matter coupling Hamiltonian of the form H (t) = E(t)V (t), where E and V = ν V ν denote the electric field and the dipole operators. In the interaction picture, many-body correlation functions are then given by [31] 
where T denotes the superoperator time-ordering operator, H is the interaction Hamiltonian, and the superoperators A ± are defined by their action on other ordinary operators as follows: A ± X ≡ AX ± XA, i.e., A − is a commutator and A + is an anticommutator. If the external laser fields are classical, we can replace electric field operators by c numbers, which allows us to factorize the many-particle correlation function
This factorization reflects the lack of matter correlations in this model; each A ν can be calculated separately in the space of the νth particle. We shall show that quantum (e.g., entangled, or squeezed) light in contrast can induce correlations in matter.
A typical term in the perturbative expansion of Eq. (1) in the light-matter coupling is a convolution of field-and mattersuperoperator-correlation functions,
Here, the variables τ 1 · · · τ k are some permutation of τ 1 · · · τ k . Each matter factor can be calculated in the space of a single molecule, and to arbitrary order in V − . Because of the nested integrations, the factorization Eq. (2) no longer holds, which implies some degree of correlation between the atoms. Equation (1) represents path integrals in the joint field + particle space, which can substantially affect optical measurements: It has been suggested in [32] that entangled light can induce collective two-photon resonances between noninteracting twolevel atoms. It was argued that the nonseparability of the entangled light wave function directly translates into the nonseparability of the transition amplitude [24, 33] . However, it was later shown that these collective resonances are eliminated in measurements performed on single particles such as pumpprobe by destructive interference [34] . Matter correlations are nevertheless induced, and can be measured by observables involving more than one atom, such as photon coincidence. These will be studied here. We are interested in entanglement between quasiparticles, i.e., the number of excitations present in the system. Hence, we only consider the subspace composed of one and two excitations. The total Hamiltonian of the system is given by
is the Hilbert space of the ith multilevel atom, and it can be decomposed into
where S (k) is the subspace containing k excitations. By denoting the creation operator of an excitation at atom i byd i , this means we are interested in the properties of the two-exciton density matrix,
For two-level atoms, m = 2, the operatorsd are fermionic operators, and for m 2 they show some bosonic behavior in the subspaces S (1) and S (2) . We consider the latter case.
II. TWO-EXCITON DENSITY MATRIX AND PHOTON COINCIDENCE
Assuming that all molecules are initially in the ground state, the density matrix of the interacting matter-field system at time t is given in the interaction picture by the time-ordered exponential
where |g denotes the ground state of the matter system, and field denotes the initial state of the light field. To investigate correlations in the matter induced by the interaction with the field, we examine the reduced matter density matrix obtained by tracing out the field degrees of freedom. The singly excited density matrix is given by the expression
We shall further examine the doubly excited density matrix, whose elements are given by
In the following, we employ the rotating-wave approximation, and we set H (t) = V (t)E † (t) + H.c., where E † is the negativefrequency component of the electric field and V is the positivefrequency part of the dipole operator,
To lowest order in the number of field-matter interactions, Eq. (7) yields
Similarly, the leading-order contribution to Eq. (8) is given by convolutions of four-point correlation functions. The matter correlation in Eq. (10) factorizes into two transition amplitudes,
We also introduce the frequency decomposition of the field correlation function,
which allows us to carry out the time integrations, and we obtain (see Fig. 1 )
The diagrams representing Eqs. (13) and (14).
where we introduced the infinitesimal imaginary factor to write the frequency domain Green's function G e (ω) = 1/(ω − ω eg + i ). We use the relation
where the δ part yields resonant contributions, and the Cauchy principal value P(1/ω) gives positive and negative contributions outside the resonance. Due to cancellations, they are typically small but not necessarily negligible (in the Lamb shift calculation, they diverge [35] ). Formally, this implies that the numerators in Eqs. (13) and (14) are analytic, and have no poles. Below, we shall neglect the principal value. In Fig. 5 we will demonstrate that this is justified in the present applications. Equation (14) then yields the Fourier transform of the field correlation function,
Note also that the simple form of Eqs. (16) and (17) only holds provided the free time evolution of the matter is unitary. Dissipation would complicate the picture. A good measure of these density matrices is provided by the two-photon counting signal
with A i (t) =d † (t)|g g|d(t), and denoting the set of control parameters. We collect photons from the multilevel atoms, which we assume to be distinguishable by their frequency. A nonvanishing S ij implies that the multilevel atoms are correlated; the probability of the system i and j being excited differs from the product of probabilities. The photon coincidence results can be obtained directly from Eq. (17),
Equation (19) is similar-but not identical-to the Fourier transform of the g 2 function of the incoming fields [36] ,
To see the difference between the two quantities, we just note that the frequency decomposition of the nominator of Eq. (20) is given by
and cannot be brought into the form of Eq. (19) . Still, the ability of the incoming light to induce correlation between noninteracting multilevel atoms is closely connected to its g 2 function.
In the following, we will explore this relation for various kinds of light.
III. CLASSICAL LIGHT

A. Coherent light
For classical coherent light, we can factorize the electric-field operators of the four-point correlation function
The density matrix then factorizes into products of single-photon transition amplitudes
with
This is a product state, and all many-body observables will factorize as in Eq. (2), signifying the absence of correlations. We illustrate this for a simple system of six multilevel atoms with energies between ω e 1 g = 1.47 eV and ω e 6 g = 1.543 eV. All density matrices are normalized to tr[ ] = 1. We start with coherent light with a Gaussian envelope,
The absolute value of the density matrices is shown in Fig. 2 . The excitation probability of any doubly excited state can be directly traced back to the overlap of the pulse's power spectrum with the multilevel atom energies. For instance, state |16 is always weakly excited in our current scheme, since the two energies are far detuned from one another, and cannot be efficiently excited by a single laser pulse. Due to the factorization (22), we obtain for the coincidence rate
This reflects the absence of correlations between the multilevel atoms; we obtain the identical result for the g 2 function.
B. Stochastic light
For stochastic light, the expectation value in the four-point correlation function E * (ω ig )E * (ω jg )E(ω i g )E(ω j g ) denotes an average with respect to the realizations of the complex random (classical) variable E(ω). In the following, we will assume Gaussian stochastic light. This is a common model if we take many degrees of freedom (i.e., modes) into account, as it can be rationalized by the central limit theorem [35] . The correlation function then factorizes into two-point functions [37] 
We shall represent the two-point correlation function in the form
where F (ω) denotes the field amplitude, and the correlation term C(ω − ω ) = C(ω − ω) describes the degree of stochasticity. By substituting Eqs. (26) and (27) into Eq. (17), we obtain
For C(ω) → 1, we recover the fully coherent light result of the previous section, which factorizes into the product of single-photon transition amplitudes, as expected from the previous discussion. In the opposite, white noise, limit, C(ω) → δ(ω), the off-diagonal density matrix elements vanish, and the resulting state is an incoherent mixture of populations. This is illustrated in Fig. 3 for the same model system described in the previous section. We chose a Gaussian envelope for the frequency correlation function in Eq. (28),
The dependence on C is shown in Fig. 3 for different values of σ 2 . For very large σ 2 , i.e., weak stochasticity, the density matrix in Fig. 3(a) is almost identical to the density matrix excited by coherent light with the same parameters in Fig. 2(b) . But with an increasing degree of stochasticity, the off-diagonal elements are suppressed, and only the populations survive in Fig. 3(c) .
We next turn to the coincidence rate. According to Eq. (26), it yields The first line of Eq. (26) yields the factor 1. The second line in (26) gives rise to the second term, and can in principle yield new information. Let us use the two-point correlation function (27) to explore the limiting behavior of Eq. (30). For C(ω) → δ(ω), the second term vanishes, and we obtain S ij ( ) = 1. On the other hand, when C(ω) → 1, the correlators factorize into field amplitudes, and the second term becomes 1, such that we end up with S ij ( ) = 2. This behavior is reminiscent of the behavior of the g 2 function of stationary stochastic light, which is given by g 2 (0) = 2 and g 2 (τ ) → 1 for τ τ c [36] , where τ c denotes the correlation time.
IV. SUPERPOSITIONS OF TWO-PHOTON FOCK STATES
A general two-photon state of the radiation field can be written as
If the spectral two-photon amplitude (ω a ,ω b ) can be factorized, i.e., (ω a ,ω b ) = 1 (ω a ) 2 (ω b ), the state is separable, otherwise it is time-frequency entangled [38, 39] . We use the following representation of the electric field:
where A(ω i ) is the central frequency of the ith beam, which does not depend strongly on this frequency, and the photon annihilation operators satisfy [a(ω),a † (ω )] = δ(ω − ω ). In this case, the four-point field correlation function factorizes as
Equation (10) now factorizes into two-photon transition amplitudes [40, 41] ,
This means that two-photon states prepare pure doubly excited states, just like classical coherent light, Eq. (22) . However, even if the two-photon state is separable, (ω a ,ω b ) = 1 (ω a ) 2 (ω b ), we obtain
If 1 = 2 , i.e., the two photons are indistinguishable, the two terms are identical, and the transition amplitude factorizes into the product of single-photon transition amplitudes as in Eq. (22) . In general, however, we may not factorize (36) into such a product, T ij = T i T j . The absorption of a photon from beam 1 by molecule i depletes this field, leaving only beam 2 to excite molecule j . Thus, even though the photon wave function is separable, it can create an entangled doubly excited state of the matter. This argument can be straightforwardly extended to general N -photon Fock states. Figure 4 shows the density matrices created by twin photons with the two-photon wave function [42] [43] [44] [45] 
Here, ω 1 and ω 2 are the central frequencies of the two beams, σ denotes the pump pulse envelope, and T 1 and T 2 are time scales that are given by group velocities inside the birefringent crystal, where the entangled photons are created. In all three cases, the power spectrum of the entangled beams is roughly equal to that of the coherent pulses in Fig. 2 . The pump bandwidth σ , which controls the frequency entanglement between the photons, is varied in Figs. 4(a)-4(c) . As σ is decreased, individual doubly excited states can be excited, even though the bandwidth of the individual beams remains constant [17] . Equation (34) implies that the two-photon coincidence can be written as the modulus square of a two-photon transition amplitude, whereas the single-particle measurement is given by
Two-photon coincidence depends on the full two-photon wave function, whereas the single-particle measurement only depends on the marginal, where one frequency is integrated out. Energy entanglement can create strong correlations between the two frequencies ω ig and ω jg , which are destroyed by the integration in Eq. (40) . Thus, Eq. (19) can be manipulated by the control parameters of the twin state (38) . It is also well known that this state can exhibit photon antibunching [35] , i.e., g 2 (τ ) g 2 (0), which is impossible with classical light.
A. Numerical integration
The convergence of the integral of Eqs. (14)- (17) is demonstrated in Fig. 5 . As is decreased, the density matrix converges to the approximate solution given by Eqs. (16) and (17) . For a finite dephasing rate , the Lorentzians in Eq. (14) cannot be replaced by δ functions. As a measure of the difference between the two matrices, we employ the trace distance [46] 
where the trace norm | | = tr{ } is used, and the two matrices are given by Eqs. (14) and (17), respectively. This is plotted in Fig. 6 , and it can be clearly seen that the trace distance approaches zero as is decreased.
V. MIXED STATE OF THE RADIATION FIELD; THERMAL LIGHT
We have seen that quantum light can entangle different TLAs. Even though state (31) itself is not entangled, the lack of information about which TLA absorbs which photon causes the entanglement of the two atoms. To establish that (41) between the doubly excited density matrices (14) and (17) is plotted vs the imaginary factor .
the quantum coherence of the pure state (31) is essential for the entanglement, we now consider an incoherent mixture of two-photon states, described by the density matrix
with frequency distributions | 1 | 2 and | 2 | 2 . Using Eqs. (17) and (42), this yields for the doubly excited density
Off-diagonal elements vanish, and the final density matrix consists of a classical mixture of uncorrelated doubly excited states. Photon coincidence measurements then yield
which is identical to the white noise limit in Eq. (30) .
A. Thermal light
The density matrix of thermal light is given by [37] 
The four-point correlation function is then given by
where we defined x i = ω a /(k B T ). Just as in the two-photon case, the density matrix induced by thermal light shows no coherences either. We obtain for the coincidence measurements
For our system, ω ig = ω jg , and therefore the second term vanishes, and we obtain the same result as with stochastic light in the white noise limit. But in general, the second term exists and has to be taken into account.
VI. SQUEEZED LIGHT
Two-photon Fock states as discussed in Sec. V represent an idealized case in the limit of a weak pump pulse. When the pump intensity is increased, photon pairs from different Gaussian stochastic light, E † E E † E . As shown in [51] , the first line dominates for low pump intensities, and with increasing intensity we can observe a crossover between the two contributions. Figure 7 shows the density matrices for different pump intensities. For low pump intensities, the matrix in Fig. 7(a) looks very similar to the one induced by the two-photon Fock state in Fig. 4(c) . Just like in the two-photon case, the pump bandwidth determines the selectivity of doubly excited states. But when the intensity is increased, the autocorrelation contributions become stronger. They are controlled by the much larger bandwidth of the individual beams. Hence, the selectivity is lost, and all the states get excited.
We also note that, whereas the two-photon state excites pure doubly excited states, the autocorrelation contribution leads to the excitation of mixed states. Figure 7 reveals that the purity changes nonmonotonically with increasing pump intensity. To further explore this behavior, we plot the purity versus the pump intensity in Fig. 8(a) for different entanglement times (i.e., different bandwidths of the individual beams). The can distinguish two different kinds of behavior: the green and the blue plots are created by broadband squeezed light, where the sum of the individual beams is much larger than the pump bandwidth. They show a pronounced minimum of the purity at P ≈ 0.3 and 0.4, respectively, and an increase to P ≈ 0.6 for higher intensities. The red and the gray plots correspond to beams with weak frequency entanglement, where the bandwidth of the individual beams is of a similar size to the pump bandwidth. These states do not show a pronounced minimum, instead their purity decreases monotonically with increasing pump intensity. To explain these differences, we define the relative weight of the coherent contribution [i.e., the first line of Eq. (50) 
and accordingly incoh is created by the incoherent contribution. These quantities are plotted in Figs. 8(b) and 8(c) together with the purity of the full state versus the pump intensity. With increasing intensity, the incoherent contribution becomes stronger, and eventually dominates. Clearly, the crossover happens for much smaller intensity in the broadband case [ Fig. 8(b) ]. The broad bandwidth allows the incoherent contribution to access all the doubly excited states, whereas the coherent part is restricted to a subset due to the frequency entanglement [see Fig. 7(a) ]. The inset in Fig. 8(b) depicts the purity of incoh versus the pump intensity. Its increase with the pump intensity in combination with the crossover between coherent and incoherent contribution accounts for the nonmonotonic behavior of the purity of the full density matrix. Using Eqs. (19) and (50), we obtain for the coincidence rate
The first line is again the coherent contribution as discussed in the previous subsection; the second line is analogous to the signal of stochastic light, Eq. (30).
VII. DISCUSSION
We have investigated how properties of light are imprinted in the doubly-excited-state density matrices of multilevel atoms induced by the absorption of classical coherent light, Gaussian stochastic light, two-photon Fock states, and squeezed light. Two-photon states create entangled, pure states, whereas classical coherent light produces product states, and stochastic light yields incoherent mixtures. The differences between the effects of the various fields of the field can be rationalized by the way the interaction with matter affects the quantum fields. After the first interaction with the atoms, the field (31) has evolved into the single-photon state |ψ ∝ E|ψ . Even for a separable state, this can create a coherent superposition state, ∝ dω[ 1 (ω) + 2 (ω)]a † |0 . For a classical light, the interaction with matter does not affect the state of light. Tracing out the matter in Eq. (6), we have field (t) = field (t 0 ). It will be interesting to test this hypothesis in the future using methods from quantum information theory [52] . Our results suggest that classical light cannot induce nonclassical correlations in the matter system, but this remains to be proved. Most importantly, it will be necessary to identify signatures of classical frequency correlations of light [22] on the created matter density matrices, and whether they can create matrices with nonzero quantum discord. Furthermore, introducing interactions between the atoms opens up the possibility to discuss the entanglement of delocalized quasiparticles, since the excitations can be regarded as interacting bosons [53] [54] [55] .
We showed that the g 2 function of the incoming light fields can serve as an indicator of the ability of the light to induce correlations between the atoms. Equation (19) reveals that differences between single-and two-photon coincidence measurements result from differences between the two-point and the four-point correlation function of the light. Many photon correlation effects such as the Hong-Ou-Mandel effect may also be traced back to this difference. This suggests an intimate connection between the ability of quantum light to show nonclassical photon correlations, and its ability to excite nonclassical doubly excited states.
